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ABSTRACT: We perform a supergraph computation of the effective Kahler potential at one
and two loops for general four dimensional A/ = 1 supersymmetric theories described by
arbitrary Kahler potential, superpotential and gauge kinetic function. We only insist on
gauge invariance of the Kéhler potential and the superpotential as we heavily rely on its
consequences in the quantum theory. However, we do not require gauge invariance for the
gauge kinetic functions, so that our results can also be applied to anomalous theories that
involve the Green-Schwarz mechanism. We illustrate our two loop results by considering
a few simple models: the (non-)renormalizable Wess—Zumino model and Super Quantum
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1. Introduction and summary

The use of the effective action in quantum field theories has proven to be a very powerful
tool. Following [l] in particular the quantum effective potential is widely used. (For a
recent application of the computation of the vacuum energy in extra dimensions see [[].)
The effective action of a supersymmetric theory up to two derivatives is encoded in three
functions of the chiral multiplets: the K&hler potential, the superpotential and the gauge
kinetic function. The latter two are required to be holomorphic and are therefore very
much constraint. This is reflected in various non-renormalization theorems for these
functions and lead to results to all order [d, f]. The works [ -] show that even a lot of
non-perturbative information can be obtained. In particular, in the certain N' = 2 theories
the full non-perturbative superpotential has been computed [f.



The Kahler potential on the other hand is only required to be a real function, and
therefore far less constrained. It receives corrections at all orders in perturbation theory,
unless the theory has sufficient amounts of extended supersymmetries. For example, the
Kahler potential of the adjoint chiral multiplet in N' = 2 Super Yang-Mills theory is
determined by a prepotential that also fixes the gauge kinetic function. The computation
of the Kéhler potential at the one loop level has been preformed by many authors [[L(—
[[4], and their results essentially agree with each other. One loop corrections the Kéhler
potential have also been computed in the context of supergravity [[[5-[7. An extension
of such works to extra dimensions can be found in [Ig].

At the two loop level only some partial results have been obtained. The two loop Kéahler
potential for the renormalizable Wess—Zumino model with a cubic superpotential has been
computed [I9-PJ], and has been extended to a general non-renormalizable Wess-Zumino
model by some people from the same group [B3, P4]. The latter result seem suspicious
because it does not appear to be covariant. As far as we are aware no calculation of the
two loop Kéhler potential has been performed which takes the effect of gauge interactions
into account.

Precisely because for the Kéahler potential there are no non-renormalization theorems
in general, it is interesting to understand it quantum corrections at higher orders. The
computation of the effective Kéahler potential can also be very important for phenomeno-
logical applications, as it encodes the wave function renormalization of chiral multiplets.
The physical masses of chiral multiplets can be determined only when the effect of wave
function renormalization is taken into account. Similarly if the gauge kinetic function is
not a pure constant, then the wave function renormalization of the chiral multiplets that
appear in the gauge kinetic function induce non-holomorphic renormalization of the gauge
couplings. Also when one investigates the effective potential at the two loop level, knowing
the effective Kahler potential might prove very useful. For some of these applications it
might be relevant to know the renormalization of the superpotential at two loops. Here
there is a somewhat surprising result that the superpotential is renormalized, but only by a
finite amount [, R, @] At the two loop level, for the class of theories we are considering,
the computation of the selfenergy of the chiral multiplets can easily involve over a hundred
diagrams, which is very hard to manage. As we will see the computation of the effective
Kahler potential only requires about ten supergraphs to be evaluated. The complicated
expressions for the selfenergies are recovered by evaluating the second mixed derivative of
the two loop effective Kahler potential.

In this paper we perform supergraph computations of the Kéahler potential up to two
loops in generic globally supersymmetric theories. The explicit one and two loop formulae
for the effective Kahler potential can be found in sections | and [l.4, respectively. The
classical theory is not assumed to be renormalizable, and we allow for gauge interactions to
be present. The only simplifying assumptions that we are making are that the classical the-
ory has no more than second derivatives and the gauged symmetries are realized linearly.!

!Because it is easy to recognize the linear Killing vectors in all our expressions, it would be straightfor-
ward to generalize them to arbitrary non-linear gaugings.



Both our one and two loop results are manifestly target space diffeomorphism covariant.
When we restrict to the ungauged case, we see that we obtain the same terms at two loops
as [, 4], but with different coefficients such that the result contains the curvature tensor
and covariant derivatives of the superpotential. This shows that our results are manifestly
covariant. The result of the two loop Kéahler potential looks surprisingly simple as long as
the gauge kinetic function is strictly constant.

Apart from the possible applications mentioned above, our results at the two loop level
might be interesting for various applications in N' = 2 theories. In theories with extend
supersymmetry the Kéahler and super-potential are obtained from a single holomorphic
prepotential. Since our results are obtained for generic N' = 1 supersymmetric theories,
they can be applied in particular to N' = 2 theories, and may provide important cross
checks on the validity of the constraints that come from the A/ = 2 structure. At the one
loop level such computations have been performed [[3, [[3]. Our results can be used to
undertake a similar analysis at the two loop level.

Before we close the introduction and summary section, we would like to explain our
methodology in the outline of the paper. In section P] we present the basic starting point of
our calculations: a general N' = 1 supersymmetric model based on a Kéahler manifold with
some of its linear isometries gauged. As far as superspace is concerned we will be using
the conventions of Wess and Bagger [2G]. To compute the one and two loop corrections to
the Kahler potential we employ a background field method. Since we are interested in the
effective Kéhler potential, we assume that the background consists of chiral multiplets that
satisfy their equations of motions. Moreover, in the whole project we will be systematically
ignoring all derivatives on the background chiral superfields, as these terms constitute
higher derivative operators. Since in this paper we are focusing on the quantum corrections
to the Kahler potential only, these higher derivative operators are beyond the scoop of the
present paper. We do not assume that the background is constant, because then we are not
able to extract the effective Kahler potential. However, by using the background equations
of motion we can show, for example, that up to (super covariant) derivatives the first
derivative of the superpotential is zero.

One consequence of this chiral background is that the gauge symmetry is generically
spontaneously broken. The resulting quadratic mixing between the quantum vector and
chiral multiplets makes quantization awkward. To overcome this complication we remove
this mixing by using a supersymmetric generalization of the 't Hooft R¢ gauge fixing
procedure. A consequence of this gauge is that the ghost action becomes dependent on
the background chiral multiplets and cannot be neglected. Moreover, in this gauge the
Goldstone bosons and the ghosts have equal mass eigenvalues. We will be making a special
choice for the R¢ gauge fixing parameter to have the maximal simplification of the super
propagators. Because of this we loose the explicit dependence on a gauge fixing parameter
and therefore we are not able to trace any possible gauge dependence of our results.

In section | we review the computation of the one loop Kihler potential by summing
bubble to explain our procedure to reduce supergraph to scalar graphs. We use standard
supergraph techniques that can be found in the textbooks [R7, BJ]. To regularize the
theory we employ the dimensional reduction scheme (DR) B0, BI]. (Following arguments



summarized in refs. [B3, we assume that for our purposes the DR scheme is fully
consistent.) A well-known consequence of this scheme is that quadratic divergences do not
show up explicitly. (This will also be the case at the two loop level, therefore our results
cannot be directly compared to those of [B4].) Our one loop results are consistent with
results obtained by previous groups [I[(—[4], as long as we do not consider non-abelian
gauge interactions. The difference in that case is presumably a consequence of the fact
that those results are obtained in the Landau gauge while we use a supersymmetric variant
of the 't Hooft R¢ gauge.

The core of our paper is contained in section | where we preform our two loop compu-
tation. We first compute a single diagram of the “8” topology which quickly reduces to a
product of two one-loop scalar graphs. After that we turn to the other nine two-loop super-
graphs with the “©” topology. Some of them have the property that they partly turn into
“8” scalar graphs. The resulting scalar graphs are evaluated in appendix [B. We summarize
the results of the contributions to the Kihler potential at two loop in subsection 4, and
compare with the partial results that exist in the literature on two loop effective Kéhler
potential calculations.

Since our results are written in terms of some tensor valued integrals, it is useful to see
how the formulae can be applied to some simple examples. In section [J we discuss both
the non-renormalizable Wess-Zumino model and its renormalizable limit. Super Quantum
Electrodynamics constitutes our second example.

2. Setup: N = 1 gauge non-linear sigma model

We consider a general N = 1 supersymmetric non-linear sigma model of (anti-)chiral
superfields ¢%(¢,) described by a Kihler potential K (¢, ¢) and a superpotential W (¢).
The indices a and a label the chiral and anti-chiral multiplets, respectively. Some of the
linear isometries §o¢ = i ¢ = ia! Ty ¢ (where ay € R are gauge parameters) are assumed
to be gauged by the introduction of the non-abelian gauge vector superfield V- = V!Ty . The
hermitean generators T of this group satisfy the algebra [T}, T;] = c®1; Tk , with purely
imaginary structure coefficients ¢ ;;. The Killing metric is denoted by ;7. We write tr
and Tr for the traces over the representation of the chiral multiplets ¢ and the adjoint
representation, respectively. Gauging is of course only possible if the Kéhler potential and
the superpotential are gauge invariant

K(pe e ¢) —K($,9) =0,  W(¢)=W(p). (2.1)

This will have important consequences for the quantum interactions. Unlike the Kéhler po-
tential or the superpotential, the gauge kinetic function f7;(¢) need not be gauge invariant,
as it may play a role in a Green-Schwarz mechanism to cancel anomalies.

The central task of this paper is to compute quantum corrections to the Kahler po-
tential at one and two loops. To obtain the functional dependence of one and two loop
corrections on chiral multiplets, we expand the theory around some non-trivial background
¢ for the chiral multiplets, while assuming a trivial background for the gauge sector. We do
not need a non-trivial gauge background because the appearance of the vector multiplet in



the effective Kahler potential can be reconstructed by gauge invariance. The background ¢
is assumed to fulfill the classical equations of motion. To expand around this background
we make the replacement ¢ — ¢ + ®, and declare that the vector superfield V' and the
chiral superfield ® are quantum fields. Only the quantum fields appear in the loops, while
the background fields encoded the external legs.

For generic non-renormalizable models also higher derivative operators will be required
as counter terms. Since we only focus on the computation of the quantum effective Kéhler
potential not the full effective quantum action, we will be ignoring all (super covariant)
derivatives (D, Dy, and 0, ) on the background fields. It is irrelevant whether these deriva-
tives arises from partial integrations or the use of the background equations of motion. Let
us stress, that this does not mean that we treat ¢ as a strictly constant background. Be-
cause if we would take ¢ constant, any superspace integral over them will vanish, including
the effective Kahler potential which we seek to compute. But it does mean that in our com-
putation we are allowed to ignore the super derivative terms of the background equations
of motion

1— 1 —
—ZDQKG +W,=0, —ZDZK@ +W* =0, (2.2)

because they would give rise to higher derivative operators. (Here differentiations w.r.t.
the background variables ¢ and ¢ are denoted as K, = K, K*=K?%*, etc.) Therefore,
for our purposes we may use that W, = 0, even though the field value of ¢ does not need
to satisfy this supersymmetric vacuum condition.

In the expansion around the background ¢ and in the computation of the one and
two loop effective Kéhler potential we run into various geometrical quantities, which we
introduce here. The Kahler metric is defined as G%, = K%, = K %, ; with G~ we indi-
cate its inverse. Given the metric we can construct other geometrical quantities like the
connections

T

o 1o

IS5 =KugcG e, = Keb g1, (2.3)

and the curvature
ReY, = Kb, — Kb G710 Ko (2.4)

Using the connections we can define covariant derivatives W, . of the superpotential W' .
As explained around (2.9) we may set W, = 0 to find

Wb =Wapy  Wiabe = Wape = T4 Wy = Ty Wy — T AWy, (2.5)

This completes the classical geometrical description of the globally supersymmetric linearly-
gauged non—linear sigma model.

To define the perturbative quantum theory we preform the expansion in quantum field
® and V around the background ¢. The non gauge fixed action for the quantum fields ®

and V' is composed of the (classical) Kéhler term

1

SK2

/d8z {K<<;3+6, eV (¢ + <I>)) +K<(&+$)e2v,¢+ <I>> +¢ trV}, (2.6)



with the superspace measure d®z = d*xz d*6, a Fayet-Iliopoulos parameters ¢, the super-
potential interactions

Sw = /d6zW(¢+<I>) +/d6zW(¢+$), (2.7)

and finally the gauge kinetic part

1

1
So =7 [ 1 oo+ BWI W, 4 4

[ ez @+ HWAE, @)
with the chiral measure d®z = d*xd?¢ and is conjugate. The gauge kinetic function fr;
is symmetric in the gauge indices I and J. Its real part hy; = %( f17 + f1s) is equal to
the gauge coupling 1/¢g>. A non-constant gauge kinetic function appears for example in
the effective models from string theory, in particular when they rely on the Green—Schwarz
mechanism to cancel anomalies. The super gauge field strengths are given by

Wa = —éﬁQ (e_QvDaeQ‘/) , W = —é D? <3d62ve_2v> , (2.9)
with the notational convention that operators, like D, , only act on the first superfield on
the right. We have given a representation of the gauged Kéhler potential action (B.6) which
is manifestly real.

From these expression we determine the propagators of the various superfields. Be-
cause of the super gauge invariance the kinetic operator of the vector multiplet is not
invertible. This requires gauge fixing and the introduction of the corresponding supersym-
metric Faddeev-Poppov ghosts C,C’, C, U,, see e.g. [@, @] For the general supersymmet-
ric theories under consideration in this paper, two additional complications arise: Firstly,
the background ¢ spontaneously breaks some of the gauge symmetries, and therefore leads
to quadratic mixing of the vector multiplets V with the chiral multiplets ® and ®. To
avoid this mixing the gauge fixing functional © can be modified to

V2

I—__
0 = 4

D* (V4 (0 ) K2 (T50)" £8,) (2.10)

This is very similar to the 't Hooft R¢ gauge fixing for spontaneously broken gauge the-
ories [§]. The gauge fixing procedure is then implemented in the standard way by the
insertion of

App ( s©! — Fl

2 . _
eiSr | SF:/dSthFIFJ, (2.11)

in the path integral defining the quantum theory, where Arp is the Faddeev-Poppov deter-
minant and F! are arbitrary chiral multiplets. The second complication is that the gaussian
integral over the gauge fixing chiral variables F'/ and F' involves the function A 77 which
is in general a function of ¢ and its conjugate. Therefore, we need to properly normalize
this gaussian integral. This can be implemented by the introduction of the Nielsen-Kallosh
ghosts x! , which have the same quadratic action as F', but they are anti-commuting.
The gauge fixing procedure together with the introduction of the various ghosts leads
to the addition of the following terms to the classical action. First of all, the gauge fixing



term is obtained by performing the functional integral over F! :
Sar = —/dgz hr;©'e’, (2.12)

with © given in (R:I(). This seems to be worrying because the presence of 1/ leads
to non-local interaction. However, as far as the definition of the perturbation theory
is concerned this non-locality leads to perfectly well defined propagators. The Faddeev-
Poppov ghost action reads

1 1 -« =1
Spp=— [ d52C%6 @f+—/d6-c5 o . 2.13
FP \/5/ zUroc \/5 20U oc ( )

Here 6c©! denotes the gauge transformation of the gauge fixing functional to first order
in the super gauge parameters
D’ 1
000" =v2—, {Kf + VoA = A =20 (Tr9) K5 (0 A+ B A) } +-, (214)

a

but with the super gauge parameter A’ replaced by the ghosts C', etc. The dots denote
higher order terms in V which are not relevant for our computations. To obtain this we
have made use of the super gauge transformations

P ((73+5)e_ﬂ—<5, 2V 62K62V62A7 d 6_2A(¢+(I))—(b, (2.15)

linearized in the (anti-)holomorphic super gauge parameters (A) A. Because the back-
ground generically spontaneously breaks the gauge symmetry, the gauge transformations
of the quantum fields ® are non-linear. Finally, the Nielsen—Kallosh ghost action

SNk = —/dgz his X' x? (2.16)

completes the full action of the quantum theory.

We now determine the propagators by reading off quadratic parts of the quantum
action. As the Nielsen—Kallosh ghost action (2.16]) is quadratic by itself we do not need to
discuss it again. The quadratic actions of the vector and Faddeev—Poppov ghost superfields
are given by

Sz = —/dSzvf (WO — MZ] V7,
S2, = /d8z (C’ [11 — R 1}1 ¢’ + 7, [11 Ve 1]1 CJ) (2.17)
FP I cql I ¢ gl - e
Here we have introduced the hermitean mass matrices

_ 1 T
(MB)1s = 26T1GTye, M} =5 (M2 +M2"), (2.18)

for the ghost and vector multiplets. Because M(ZjT refers to the transpose of Mg (i.e. its

vector indices I, J are interchanged), the matrix M‘Q/ is symmetric. By construction of the
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Figure 1: Here we depict the super propagators that will be employed to computed the quantum
corrections to the Kahler potential. The first two diagrams correspond to the chiral propagators
defined in () The first one represents Ag, and the second one Age . The latter two refer to
the vector and Faddeev-Poppov ghost propagators given in (), respectively.

gauge fixing (2.10) and (R.12) there is no mixing between the vector and the chiral multiplet,
instead the quadratic part of the chiral multiplet action has become more complicated

2

Sg:/d% (3. |6 - a2 1]2 o+ L gy, L2

- o+ 1. ) 2.1
¢l . 2 o the)s (2.19)

where we introduce (partly for later reference) the superpotential, Goldstone matrices
ME = GTWGEYTW,  (ME)% = 2(Tyo) (1) ($TyG)y,  (220)

and total mass M? = M‘%V + Mé, respectively. We use the matrix notation W to denote
the second derivative of the superpotential: [W],, = W 4, for notational convenience.
From the quadratic expressions for the gauge and ghost multiplets it is straightforward
to determine the resulting superfield propagators. Even though the quadratic action of the
ghost multiplets (R.17) have non-local terms, the resulting propagators are well-behaved

AVV = [hD — M‘%]fl ,

Ao =[O-h'METY, Agn=[0-h'MET (2.21)

The non-locality of (R.19) is also not reflected in the chiral multiplet propagators

Age = [O- MG G+ [0 My 67 -G é —[O-Mr e
Apo = GHO- MY WG, Agg=(GHTWEO- M1 (222)

In supergraphs the propagators Age and Agg are multiplied by —D?/(40) and —D?/(40) ,
respectively. (In figure [] we have collected our graphical representation for these propa-
gators.) Because of super gauge invariance of the superpotential (R.1), the superpotential
matrix W has zero modes Tr¢: Wy, (T7¢)? = 0, up to derivative terms which we ignore in
the computation of the effective Kéhler potential. By combining this observation with the
definition of the masses in (R.2() we arrive at the propagators (R.29). These zero modes
correspond to the Goldstone modes of the global symmetries generated by T7. This im-
plies that M‘%V Mé = Mé M‘%V = 0, and consequently that three propagators in the first
equation of (:29) can be combined into one, and that M? can be replaced by MI%V in the
last two equations of (B-29).

This can be interpreted as follows: the background defined by ¢ generically leads
to spontaneous symmetry breaking and massive vector multiplets. The corresponding
massless Goldstone superfields are eaten by these massive vector superfields in the unitary
gauge. However, we have chosen a different gauge, defined by (R.1() and (R.12), to ensure
the absence of mixing between the vector and the chiral multiplets. In this gauge a massive



vector multiplet consists of V! (with I such that T;¢ # 0), the Goldstone mode chiral
superfields (identified by T7¢ ), and the massive Faddeev-Poppov ghosts Cy, C . Moreover,
in this gauge the chiral Goldstone multiplets and the ghost multiplets have the same mass
eigenvalues, because for any integral power p we have

tr(M2)P = Tr(h ' M2)P = Tr(h ' M2" )P . (2.23)

Moreover, the symmetric part of the ghost mass is equal to the vector multiplet mass,
see (R.1§). This leads to partial cancellations of the contributions of the Goldstone chiral
multiplets and the Faddeev-Poppov ghosts in the one loop computation of the Ké&hler
potential, as we will see in the next section.

3. One loop effective Kiahler potential

The one loop calculation of the effective Kahler po-
tential involves the computation of one loop vacuum bub- Q + <:> + o t.
ble graphs with multiple insertions of two-point interaction
terms, as indicated in figure fJ. The definition of the two Figure 2: At the one loop

point interaction M and the propagator A here is somewhat level the effective Kéhler po-

arbitrary. To see why this is actually convenient, consider tential is obtained from sum-

ming an infinite set of one loop

for example, a chiral multiplet with both a mass term and bubble diagrams. This cor-

a quadratic Kéhler term, which are both functions of the responds to the computation
background fields. To evaluate the corresponding gaussian  of various functional determi-
integral, we can first take the mass as a two point interaction nants.
and compute in the way explained below. The remaining
gaussian integral with a Kéhler metric between the quantum chiral superfields is evaluated
by taking the identity matrix to define the propagator, and the K&hler metric minus the
identity as the two point interaction. Hence, it is precisely this freedom in the choice of the
propagator and the two point interaction that helps to make convenient choices to evaluate
the gaussian path integrals effectively.

To evaluate these bubbles in general, we consider a generic vector of commuting su-
perfields ¥ with quadratic action

1
5= /d%«\yT A+ M. (3.1)
The sum of the connected bubble graphs reads
. 1 =)"
ir =3 > or / (d82)  tr (MlelAlg Mo Xalos ... MnXﬂnAm) : (3.2)
n>1 n
where 1,2,...,n and 1,2,...,n are labels that denote the various superspace coordinates
21,%2,...,%yn and 21, 22, ..., 2, . The corresponding measure is represented by (d®z)... By

functional differentiation w.r.t. sources J that couple to ¥, we have obtained

6J1 6J(Zl)
Xy === =L =611 :
i1 1) J1 1) J(Zl) 511 (3 3)
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Figure 3: This one loop self energy supergraph is computed as a cross check for the one loop
Kahler potential determined in this section.

Here 011 = 61,6%(61 — 61) denotes the superspace delta function, and 6, = 6*(z1 — 71)
the four dimensional spacetime delta function. (When the sources Corr_espond to chiral
multiplets, we find some additional super covariant derivatives hitting the superspace delta
function.) When we consider anti-commuting superfields, the Faddeev—Popov and Nielsen-
Kallosh ghosts, the expression in (B.J) has one additional overall minus sign.

We can apply this to the various quadratic terms derived in the previous section. Using
various superspace and supergraph techniques we finally find that the full one loop Kéhler
potential is given by

ht M2
iTip, = /(d4:c)12d49 [Trlnh+Trln (11 - C) —trlnG —

2
- % trln ( - %)} 15;*2 Dilajlz, (3.4)
in a coordinate representation. In accordance with a general non-renormalization theorem
of supersymmetry [f, BJ], this expression is local in the Grassmann variables. This is
because of the superspace expression becomes proportional to Agdio [B D2E2]2 019 =
= 16 Ay 61y By 015 6*(01 — 05) , where A and B are some operators which may be functions
of spacetime derivatives 9y, . The origins of the various terms in (B.4) are as follow: The
first term is due to the Nielsen—Kallosh ghosts. The second term is the combined effective
action of the Faddeev—Poppov ghosts and the Goldstone chiral multiplets, using that their
mass eigenvalues in the gauge (R.10) are all equal, see (2.29). (The bubble graphs with
vector multiplets vanish identically in this gauge, because no D, D ever hit any superspace
delta functions.) The last two terms are due bubbles that contain chiral multiplets.

As it stands this expression (B.4) is ill-defined and requires regularization. Mainly
because computational convenience at the two loop level, we have chosen to use dimensional
reduction [B0, BI|. In appendix [A] we have collected the one loop integrals calculated in
this scheme. A peculiar consequence of the DR scheme is, that both the first and the third
term are absent, as follows from ([AJ). Using (A.3) and (AF), and dropping the 1/e poles,
we find that the remaining terms result in the effective one loop Kéhler potential

h=tMZ

1 5 M3,
IEL2 > —|— 327‘(2 tr MW (2 — hl 7 5 (35)

Ky =-

1
162 Tr ' M2 <2 —In

where [i2 = 4me~ 7 ;% defines the MS renormalization scale, and the mass matrices M(Qj and
M3, are defined in (B18) and (2.20), respectively. To use the expressions from appendix

[A] for matrices, we can first diagonalize the mass matrices, and apply these expressions for
the eigenvalues, and after that transform back to the original basis.

,10,



To concluded the discussion concerning the one loop effective Kéahler potential, we
would like to mention an important consistency check of our computation and compare our
results to the existing literature. The effective Kéhler potential can be used to determine
the wave function renormalization at one loop by taking the second mixed derivative of
it. This wave function renormalization can also be computed directly from the supergraph
given in figure f|. For this cross check it is sufficient to consider the renormalizable Wess-
Zumino model (see section p.J for details). The self energy supergraph gives the wave
function renormalization

AP fm+ A
Eself energy — _327'('2 1 /_L2 s (36)
which agrees with our one loop effective Kéhler potential result:
0* Ky, AP L Im+ Ag
Yeff. Kahler pot. — 9o ({9(5 = _3271'2 In ﬂ2 > (37)

see (B.6). As long as no non-abelian gauge interaction are taken into account, our one
loop results are consistent with some existing literature concerning the computation of the
effective Kéhler potential to that order [IJ-[3, g, [(3, [4]. In the non-abelian case the
mass matrices Mé and M‘2, are not equal anymore, and our results slightly deviate from
these reference. This might be an artifact of the use of different gauge fixing procedures.

4. Two loop effective Kahler potential

At the two loop level there are three different topologies of the supergraphs that may
contribute to the Kéhler potential. They are depicted in figure []. The third topology is
one-particle-reducible and can be ignored when computing the effective Kahler potential
as we will argue in subsection [[.J. In the following two subsections we first reduce the
supergraphs to scalar momentum integrals. Then using the evaluation of these momentum
integrals in appendix [B, we can give the renormalized expressions for these scalar integrals
in the DR scheme. We collect our final results in subsection [£.4.

We obtain the vertices, from which the “8” and “©” graphs can be derived, by expand-
ing the various actions given in section ] up to fourth order in the quantum fields. The four
point vertices are relevant for the “8” supergraphs, while “©” supergraphs can be build
from two three—point interactions. We list only the relevant vertices for diagrams that do
not vanish automatically. When performing these expansions in the quantum fields, it is
important to take the consequences of gauge invariance (R.1]) of the Kihler potential K and
the superpotential W into account. Because none of the propagators (2.21)) and (2.23) mix
with each other, we can exclude many diagrams, which would be present in many other
gauges. In addition we have the constraint, that supergraphs are only non-vanishing at
two loop if they involve an equal number of super covariant derivatives D and D, and of
each of them at least four. Chiral and ghost multiplets will introduce a combination of D?
and D? into the diagram, while the vector multiplets do not. Therefore, the number of D?
and D? of graphs with vector superfields will in general be lower than the ones involving
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Figure 4: There are three basic vacuum graphs at the two loop level. They have the topologies of
an “8” (figure a) and “©” (figure b), a “double tadpole” (figure c), respectively.

only chiral multiplets, and hence such graphs are more likely to vanish. As we will see in
the subsequent subsections such considerations reduce the number of relevant diagrams, to
a manageable number for manual computations.

4.1 “Double tadpole” supergraphs

Most computations of the effective (Kéhler) potential are restricted to only those connected
graphs that are one-particle-irreducible. The argument for this restriction is that all one-
particle-reducible connected graphs contain one or more tadpole subgraphs, which are
generically absent by symmetry arguments. (For example, a ¢ theory has the symmetry
¢ — — ¢ which forbids tadpoles to arise.) Because we are dealing with rather generic
supersymmetric models in arbitrary backgrounds, we reconsider the issue of one-particle-
reducible graphs.

For the computation of the effective Kéhler potential at two loops there is only a single
one-particle-reducible topology, which has been depicted in figure flc. The connecting line
can represent either a chiral or a vector multiplet propagators, while the loop lines may also
refer to Faddeev—Poppov ghost multiplets. We can divide these diagrams into two classes
depending on whether the connecting line is a chiral or a vector multiplet. In the case that
the connecting line is a chiral superfield, one can show by some partial integrations of D?
or D? within the diagram and using relations like D?D?D? = 16[0 D?, that these diagrams
contain too little D? or D?, and therefore vanish.

This leaves us with double tadpole graphs (figure flc) with a vector multiplet as a
connecting line. Because a vector multiplet is not chiral, no D? or D? appear on the
connecting line. This implies that these double tadpole graphs are non-vanishing iff the sum
of Fayet-Illiopoulos tadpole graphs a vector superfield is non—zero. The conditions for this
have been well-studied in the literature (see e.g. ref. [B] and Weinberg’s third volume [B4)]).
Let us briefly review the arguments which are applicable in our case: If the vector multiplet
is non-abelian no tadpole is possible because the tadpole graph is never gauge invariant
because of higher order (vector multiplet V' dependent) Lie derivatives acting on the chiral
and anti-chiral gauge parameters A and A. For a U(1) vector superfield V a tadpole
(see (R.6)) is possible provided that the Fayet-Iliopoulos parameter £ is not a function of
any (background) superfields. (Otherwise, again, the tadpole is not gauge invariant.) In
particular, the induced £ at the one loop level is a constant, which is proportional to the
sum of charges of all massless charged chiral superfields times the integral [ d*p/p?. Since
in this work we use dimensional reduction throughout, this integral vanishes. Therefore
we conclude that the double tadpole graphs do not give any contribution to the effective
Kihler potential at two loops in the DR scheme.

- 12 —
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Figure 6: These are all the non-vanishing supergraphs of the “&” topology that can be obtained
from the interaction (.4). The arrows indicate whether chiral or anti-chiral legs are attached
a vertex. If there are only chiral lines at a vertex and all their arrows are all either pointing
inwards or outward, the vertex is a superpotential interaction. A thick square vertex refers to
interactions that arise from the gauge kinetic functions. All other interactions involve the Kéhler
potential.

4.2 Supergraphs of the “8” topology

The arguments presented in the first part of this section imply that
there is in fact only one “8” supergraph (see figure ) that results from @@

the vertex
AS* D /dgzl K2t 323" 3, P, (4.1) Figure 5: This is
4 =2 :

the only not nec-
which is obtained from the K&hler potential (P-). Using standard essarily vanishing
supergraphs techniques we find that the supergraph, figure f], becomes supergraph of the

the following scalar integral “8” topology.

iy = —5 /(d4$)123d49 K abgb5§1(A¢5)gg5§1 5§1(A¢6)gg5§1, (4.2)

with the chiral superfield propagator given in (P:23). The subscript "1’ on the fourth mixed
derivative of the Kéhler potential emphasizes that it is evaluated in coordinate system ’1’.
For the other subscripts we refer back to section fi.

By doing a Fourier transform to momentum space we see that also the corresponding
scalar integral has the “8” topology. Because we need to do a double Wick rotation to
euclidean space, the expression changes sign. The resulting scalar integral J defined in
(B-1)) is evaluated in appendix [B. However, here the masses in the propagators are matrices
rather than ordinary numbers. This does not pose a problem because we can simply
reinterpret the formula for matrix valued masses. (This can be confirmed by performing
a diagonalization of the masses after which the results of the appendix B can be readily
used.) Concretely, the “8” supergraph can be compactly expressed as

Z'F;8L” — % /dSZ Kgbab 7aQbQ(M2,M2)7 (4.3)

where the mass matrix M? is given by (2:20) and J%,% is defined in (B:23). Notice that,
this expression is not covariant. This signals that this result is not complete. In the next
section we see that covariance is restored by contributions coming from “S” supergraphs.
4.3 Supergraphs of the “©S” topology

Next we consider the more complicated diagrams of the “©” topology. We first list the
three point vertices that can give rise to non-vanishing supergraphs of this topology. From
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the Kihler potential (R.6), superpotential (2.7), the gauge kinetic terms (2.§) and the
Faddeev-Poppov ghosts (R.13) and (R.14) we obtain

AS} D / dgz{K%(V@“@MW)a + Ko ® <(¢V)a(<1> +2V$) 4D, <V¢+%<I>> > +
+h.c.}, ASE D /dSZ I—gfumapavfﬁ?z)aw +h.c., (4.4)

2

1 D
ASY, D / dgz5 Wape D4 D°

— 5% the, AS%P3/d8z(0'+€')1[1/,0—€]1, (4.5)

respectively. The form of the triple interaction involving the Ké&hler potential has been
obtained after extensive use of the consequence of gauge invariance (R.1]). In addition
to these vertices there are more triple vector multiplet interactions, which give rise to
additional supergraphs. However, they are either zero because of insufficient numbers of D?
and D? or by anti-symmetry of the structure coefficients. The non-vanishing supergraphs
are collected in figure [g.

As we did for the “8” supergraph in subsection [l.9, we will only give the expressions
for the resulting scalar integrals of the “6&” supergraphs. However, to illustrate how such
two loop supergraphs can be evaluated in general, we discuss the supergraph expression
of diagram A of figure [f in some detail. Moreover, this computation shows explicitly how
the non-covariance of the result ([.3) of the “8” supergraph is resolved. The expression for
diagram A is given by

i o DD D202 DD?
ZP?L:i/ @)kt K5 [(Bam) s 5| Bl 8am)'y 5| fo(Aam)'e 5| e

To reduce this integral to a scalar integral we partially integrate the D?D? that acts on
the first d12. Since throughout this work we are only interested in the effective Kéhler
potential, we systematically ignore all (super covariant) derivatives on background su-
perfield quantities. This implies, that D?D? act (in opposite order) on the final &5 to
give: D?D? D?D?615 = 160 D?*D?8,5, and hence this supergraph reduces to the scalar
integral

iy = 5 [(@had' KutKt (845)%0h (B4t (BgaDrdhy. (10)
Since we are computing the effective potential it is irrelevant whether K¢ and the mass
matrices inside the propagators are functions of coordinate system ’1’ or ’2’, hence for no-
tational simplicity we have dropped the coordinate system labels. After the double Wick
rotation, transforming to momentum space, and computing the regularized euclidean inte-
grals, we obtain

iTh, = +i / A2 Kb, (T1)° Kup® (0Ty) 105" (M2, M?, ME) — (4.7)

1

5 / d®z {Kﬂéc Gl Kot T p (M2, M?) —

- 14 —



- fgs de Fa% Wdc TaQbQCQ(M27 M27 M2)}

Here we have used (B.2(), and the notation defined in (B.29) and (B.:23). In the second
term we have used that the Killing vectors T7¢ are perpendicular to the superpotential mass
MI%V’ and therefore we may replace the full mass matrix M? by Goldstone boson masses
Mé Moreover, by using the relation between the Goldstone boson and the Faddeev-
Poppov ghost mass matrices, we can pull out the Killing vectors (77¢)¢ and (éTJ)Q , and
replace Mé by Mg Finally, because the last term is symmetric in the indices I,J, we
can replace M2 by the vector multiplet mass matrix M7 . The derivation of (f.7) from
([.64) illustrates, that even though diagram A has the “©” topology as a supergraph, it
turns into a sum of “8” and “©” scalar graphs. We see that the first term combines with
the contribution ([.3) of the “8” diagram to form the curvature tensor (R.4), and therefore
leads to a covariant expression as promised. The other parts of diagram A combine with
the other “6©” diagrams to give rise to covariant expressions as well, as we will demonstrate
below.

For the other supergraphs in figure [f we only give their reduction to scalar graphs and
their final compact expressions using the notation I and J, as they can be computed using
similar methods as diagram A above. All other supergraphs reduce to scalar graphs of the
“9” topology, expect diagram H, which like diagram A, turns into both “8” and “©” scalar
graphs. To write down the results in a compact form, we employ the short hand notations

(GTro) 0 = K%(T7)’a + K% (T1)" = K°(T7)% + K32(T1), = (6T5G)a*
(ME)15® = 2(T1GTy¢)* + 2K°Y(¢T1)o(Ts¢)"
(ME)17:a = 2T1GT )0 + 2Kt ($T1)p(Ts$)" - (4.8)

The first equation in ([.§) is another consequence of gauge invariance (R.1) of the Kihler
potential. Their expressions for the other supergraphs of figure fj as scalar integrals are
given by

Ty, = Z'/(d456)12d49 Kt K22 (Apg)"abts (Aoa) ™01y (Agg)bclls

bd a
(A7) g‘silz (Aq@)bhf% (AEE)Q@% )

irS, = —% / (d%z)19d%0 Kt W
ZTQDL = é/(d455)12d49 Wabe U (Aqﬁ)ag&ﬁ (Aqﬁ)bbﬁb (Aqﬁ)cg‘%,

Ty, = —i/(d4$)12d49 (GT1¢)%a (BTG (Av) 012 (M) b1z (Agg)“b012 5
irf, = —i / (d*2)12d*0 K& (dTr)e K28o(Tro)* (Av) 612 (Agg) adts (M) b0t »
irg, — —i / (d*2)12d%0¢! s ic P ar (Ay) M

51 <(AC)KL54112 (AG)NHS%Q + (AE)KLfSLfQ (AC)N15%2 -

- (AC)KL5A112 (AC)NI‘Silz - (Aé)KLfsilz (AG)NI&E) )
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| i .
irgh = —/(d4 )12d%0 frra frL® (AvOm) 15 01y (Av ™)1 61 (Agpg) adls »

W

iy, = %/(dA‘ )12d%0 frra (ME) k1™ (Av)176 (Av)TH615 (Agg) adls - (4.9)

Notice that there are also the hermitean conjugate diagrams of diagrams C and I.

These expressions can be evaluated further using the same Fourier transforms and Wick
rotations as employed for diagram A. The diagrams B, C, C and D are all proportional
the same integral, hence we can write

iTB, +i0S, +4TS, +ill, = é / 482 (WQQQ Wape — 3WEEET § W — 3TES WL W,y +
+ 6T dedcﬁagbbcg(M?, M2 M?).  (4.10)

Observe that this combines with the parts of (@) that proportional to the double deriva-
tives of the superpotential to form the square of the triple covariant derivative of the
superpotential (2.5). From diagram E we get the contribution:

ity = —i / A%z (GT1¢)%.q (6T G2 T, (M2 M?, ME) . (4.11)
It is not difficult to see that diagram F, given by
iTh, = —z’/dSZKab (T19) Kape (Ty) 1% (M, M2, M), (4.12)

is precisely opposite to the last contribution of diagram A in ([.7), so that these contri-
butions precisely cancel each other and covariance of the combined expression has become
manifest. The effect of the ghosts results in diagram G

TSy, = §/d82 hrpct in hyoc®km {TUKLMN(M(Z;,M%,M‘Q/) -
T
IIJKLMN(MQ M2 Mv)} (4.13)

To arrive at this expression we exploited symmetries of the gauge indices. Like diagram
A, diagram H also contains derivatives J,, in the numerator, and therefore also this “&”
supergraphs becomes a sum of “8” and “6©” scalar graphs. The difference is that in this
case they act on two different delta functions. We make use of (B.29) to obtain after some
algebra

i3y, = g/d 2 frca fn® {2h VKL 1T (M2 ME) — G, T EE(M2, ME) +
+ (Thr )" (QETN)QTIJKLMN(M‘Z/’M‘Q/’M%)} n
+ % /dSZ {fIKb( “Twbe 4G W)lga — fukafNL® ¥ (4.14)
% <5Ml(h—1M‘2/)NJ_i_(sNJ(h—lM‘Q/)MI)}TaQIJKL(M27M‘Z/’M‘Q/).
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Finally, diagram I simply becomes

. { o

Y, = 5 /d% frica (ME) e T, BE (M2 M2, ME). (4.15)
Of course we also have the hermitean conjugate of this graph. This complete our calculation
of the contributions to the two loop Kéhler potential, in the next and final subsection we

collect the various contributions together.

4.4 Summary results for the effective Kahler potential at two loops

We collect and combine all contributions to the two loop effective Kéhler potential ob-
tained in the previous subsections. These contributions result from the two loop graphs
depicted in figures f] and . We use those diagrams to refer the different contributions.
The full two loop corrections to the Kéahler potential can be divided into two parts de-
pending on whether they are only present when the gauge kinetic function is constant or
not:

K2L _ K;giversal + Knguge kinetic ) (4.16)

The part of the two loop correction that is present even when the superpotential is con-
stant we call “universal”, and the part that is only present for non-constant gauge kinetic
functions we call “gauge kinetic”. We below describe each of these contributions sepa-
rately.

To write down the results in a compact way, we use the short hand notations J and
I for the divergent integrals (B.1) and (B.4) containing matrix valued masses with the
subdivergences and poles removed. These integrals are evaluated in appendix [B, and their
expressions are given in (B.29) and (B.2J), respectively. As discussed in appendix [B.4 it

is in principle straightforward to generalize the results for two loop scalar integral with
scalar masses to mass matrices. The only subtlety is that the function 1%,%° takes a
sightly different forms depending on the values of the masses due to threshold effects:
The functions #(Z;) inside I, see (B.2J), depend on whether the scalar quantity (N?2)?,
defined in (B.9), is positive or negative. As this is a condition on scalar masses, to give
an completely explicit expression for T“ngcg, one needs to go to a basis in which the
mass matrices are diagonal. It is therefore beneficial to be able to diagonalize the mass
matrices explictly. (In the examples discussed in the next section we can easily go to
the diagonal basis to perform all computations.) Since we represent all the results here

abgcg, this issue is note explicitly visible in our

in terms of the integrals J%,% and I¢
expressions.
The universal part of the two loop Kéhler potential takes the form

1 —abe

. 1 _ _
Kélinversal = 5 Rgagb Jagbb(MQa MQ) + 6 w VV;abc Iagb,cg(MQa MQ, MQ) +

1
+ 5 hipcl inhygc?

KM X
(T REMN (V2. M3, M)~ TH KRN (g2 02T ) ) -
—(GT1¢)%0 (6T G o T2, 1 (M2, M2, ME) . (4.17)
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The first term that is proportional to the curvature (R.4) results from the “8” diagram
combined with a part of diagram A. The next term depends on the triple covariant deriva-
tives of the superpotential (R.H). It results from another part of diagram A together with
the diagrams B, C, C and D. The final part of diagram A cancels diagram F, which involve
the exchange of a vector multiplet, and therefore leaves no trace in (JL.17). The second
line is a consequence of the ghost diagram G, and the third line is due to the other graph
(diagram E) in which a vector multiplet is exchanged.

This result is manifestly covariant under diffeomorphisms that preserve the Kéhler
structure, because it is written in terms of the curvature tensor (R.4) and the triple covari-
ant derivative of the superpotential (2.5). The fact that the “8” supergraph in figure f] and
the supergraphs A to B of figure ] combine to covariant expressions provides an important
cross check of our two loop computation. Diagram D has been computed in refs. [I9-R7]
for the renormalizable Wess-Zumino model. The combination of the diagrams “8” and A-D
have been computed in ref. [, P4] again for a single ungauged chiral multiplet. (However,
there seemed to be some differences with our results, in particular that result is not covari-
ant.) In subsection p.J] we discuss the non-renormalizable Wess-Zumino model, to make

the comparison with our results easier.

When the gauge kinetic function is not constant we find the additional contributions

o 1 _ _ _
Knguge kinetic _ gf[KafJLg{2 hflKL JGQIJ(MQ,M\%) _ GflatQ JIJKL(M‘%,M\%) +

+ (Tu@)" (FTw)a T KEMN (M, M, ME) | +
* é{fle(G*W)bg FrL (G W) —
— fMKa JFNLQ<5MI(h_1M\2/)NJ + 5NJ(h_1M\2/)MI)} X
XTaQIJKL(M2,M‘2/,M‘2/) +
+%<fIKa(M(27)JL;Q + fIKQ(Mg*)JL;aﬁagUKL(MZ?M\Q/aM\Q/)- (4.18)

The terms that are proportional to the product of tensors f and f arise from diagram H.
The last line is the effect of diagram I and it’s hermitean conjugate.

5. Simple applications

In this section we illustrate our general formulae for the effective Kahler potential at one
and two loops, which were given in (B.H) and ({.17), (f.1§), respectively, by applying them
to some simple supersymmetric models. As discussed in the summary section [[.4, the two
loop results are expressed in terms of the tensor integrals J and I ; their explicit forms can
be found in appendix [H. In subsection p.] we consider as a first example a general non-
renormalizable Wess-Zumino model, and its simplification to the renormalizable version
(most previous investigations in the literature only consider this case). Our second example,
Super Quantum Electrodynamics, is discussed in subsection [.2.
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5.1 The (non-)renormalizable Wess-Zumino model

We consider a single chiral multiplet ¢, described by a Kéhler potential K = K (¢, ¢) and
a superpotential W (¢). The metric, connection and curvature read

G=K1i, r=G'Kt, R=K,, -TGr, (5.1)

where 1 and 1 denote the differentiation w.r.t. ¢ and ¢, respectively. The triple covariant
derivative of the superpotential and the superpotential mass are given by

Wit = Wi — 3T Wy, M, = G2 |Wi|*. (5.2)

Hence the one and two loop corrections to the effective Kéhler potential read

1 1 M3 1 = 1 e
KiL =1 5MV2V<2 - 1n—ﬂgV>, Ky = GRGTZT + o[Wanl’G7°T, (53)
with the short hand notations
3 1 2 \2 MI%V 2
7= g (MA) (1-m = )
- 1 3 M?2 M?2
I:WaM&,{—5+4lnﬂ—g‘/—anﬂ—gV—i—12n(f)]. (5.4)

As we discussed in summary subsection [.4 the form of x(Z) depends on the sign of (N?2)2
defined in B.9. Since (N?)? = —2(M2,)? is negative, (z) is given by (B.19). Using (B.13)
we find that T = %\/§

Of particular interest is the reduction to the renormalizable Wess-Zumino model which
we use in section B to obtain an independent cross check of our one loop result. In this case
the Kahler potential is trivial: K = ¢¢, which means that the connection and curvature
are all zero. The superpotential is given by

W(6) = 5mét+ 306" (55

with m and A\ complex parameters, so that the mass MI%V = |m + A ¢|?. Hence the expres-
sions for the one and two loop Kéhler potentials further simplify to

1 1 M3
K :——M2(2—1—W)
L= Tepz 2 W "2 )
L 1eae Mg, o My, .

5.2 Super quantum electrodynamics

The theory of Super Quantum Electrodynamics consists of two oppositely charged chiral
multiplets ¢, and ¢_ under a U(1) gauge symmetry of which V is the vector superfield.
The Kahler potential and superpotential for this model have the well known form

K=o +d_e Vo,  W=moso_, (5.7)
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where m is the mass of the super electron. A Fayet-Iliopoulos term can be included, but as
this does not affect the results given below, we have not done so here. The gauge kinetic

action reads

1
Sg = i A’z W W, + h.c., (5.8)

2 = h = f is the inverse gauge coupling.

where ¢

Before we get to the explicit formulae for the one and two loop results, we develop
some properties of the masses matrices that appear in those expressions. In the following
it turns out to be convenient to use the vector and matrix notation

o= (0). ae(ee). =3t 59)

for the electron superfields and the charge operator T'. Because the theory is abelian the
vector and ghost mass parameters are equal

Mg = ME=2¢¢. (5.10)

For the superpotential and Goldstone boson mass matrices we obtain
10 Prdy —did
M3, = |m|? Mg =24 "TTF ) =AML Py 5.11
w = |m| (01>7 G 9 by DB g My I ( )

The mass matrices can be expressed in term of the hermitean projection operators P, and
P_ which are mutual perpendicular. These projectors

P, = ¢1 ; ( Z* ) (6p —6-). P_= % @) (6o 6+) (5.12)

diagonalize the total mass matrix M? since
M? = M§, + M& =m?% Py +m? P_, (5.13)

with the mass eigenvalues m2 = |m|? + g? M2 and m? = |m|?. Because of the properties
of these projection operators we can express the tensor I“QbQ(M2, M?, g2M‘2/) , for the U(1)
theory, as a sum of scalar integrals I :

TaQbQ(M27 M27 92M\2/) = Z (Pr)%a (PS)bQT(m$7 mg?QQM\%) ) (5.14)

r,s

where the sum is over r,s = +, —. This shows that the evaluation of the two loop result
reduces computing the traces tr(P,.TPsT) because (GT$)%, = T%, , and (T G)yt = T, .
Explicitly we find for these traces

tr(PLTP_T) = (5.15)

osd’
5 )

with o1 and o3 the standard Pauli matrices.

tr(P.TP,T) = tx(P-TPT) = ( ‘ ks Cyey
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After this exposition it is not difficult to see that the one and two loop corrections to
the effective Kahler potential are given by the following expressions. At the one loop level

we find

92Ma> . (5.16)

1
Kip = =75 *ME (2~ Tn
1L 1672 g My 72
We have dropped the contribution coming from the superpotential mass matrix as it gives

a mere constant which is irrelevant for the Kéhler geometry. The two loop result takes the

form
Ko = = {TmZ . 7002) + Ton? w2 g2 } (222" -
T2, m? ,g2M‘2/)‘¢1;£;¢ g (5.17)
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A. One loop scalar integrals

This appendix is devoted to the evaluation of some one loop scalar integrals that arise
in the main text of this paper. We compute these scalar integrals in the MS scheme: We
evaluate the integrals in D = 4 —2¢ dimensions, and we introduce the renormalization scale
o such that all D dimensional integrals have the same mass dimensions as their divergent
four dimensional counter parts. Even though these one loop integrals are well-known, we
feel that they should be collected here, because their importance for the subtraction of the
subdivergences at the two loop level. Moreover, this allows us to introduce some notation
for renormalized quantities that we are employing throughout this work.

At the one loop level we encounter three different types of integrals. The first integral

D 1 2 2.2-2 (9D
J(m?) :/ 4 p S (47r”—) : L2-3) (A1)
2m)PuP—4 p2 + m?2 1672 m? L1

For the applications to two loop graphs we need the expansion of this integral to first order

reads

in €:
2 2 2 2
o m 1 om 1 om 1. om
J(m?) = [ +1 1n—ﬂ2 +e<1+ 5¢(2) 1n—ﬂ2 +5n —)} (A.2)

1672 | e a2

Here we have introduced the MS scale fi? = 4me Ypu? with the Euler constant v and
¢(2)= %2 . The other two integrals

dPp 1 m2 m2 12 2= re-2)
Lim*) = [ =55 5 (1+— | = Ar ST 2 A
(m’) /(QW)DMD_4 p? n( - p2> 162 ( ﬂm2> (& —1)? (8.4)
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and
aPp 1 1 2\*"2
2
S(m’) = / @mPuD—4 (P2 +m?)2 1672 <4WW> r@-7) (A-4)

are only relevant for one loop computations in this work, therefore we only need to expand

them to zeroth order in €:

2 1 2 1 1 2
Lim?) = o [—+2—1n%], S(m?) [——m%]- (A.5)

B. Two loop scalar integrals

At the two loop level we encounter two different scalar momentum integrals. As can be
seen in figure ] they have the topology of an “8” (figure fla) and “&” (figure @b). (The third
topology depicted in figure flc is the same as figure fJa as a momentum integral, and can
therefore be disregarded in this appendix.) Being two loop graphs, these integrals contain
subdivergences. The subtraction of subdivergences is crucial, because otherwise one would
not obtain local counter terms from the two loop level onwards. A generic feature of
such non-local counter terms is, that they involve terms like % Inzi?. In our calculation
such terms are also absent after all subdivergences are subtracted off. In this work we
take the practical approach that these subdivergences can be subtracted off on a diagram
by diagram level directly, instead of computing explicitly one loop graphs with one loop
counter terms inserted. The expression of a two loop integral I with all its subdivergences
subtracted off is denoted by I .

B.1 The scalar “8” integral

The “8” graph is easy to evaluate as it is the product of two one loop integrals defined in

B.1D):

J(mi,m3) = J(mi) J(m3). (B.1)

The subtraction of the subdivergences leads to

A 1 1
J (it m3) = J(mi,m3) + —— < (m3 J(m}) + m T (m3)). (B.2)

Expanding this to zeroth order in € gives

2,2 2 2
29 o Mmimy | 1 _omi L
J(m7,m3) = (1672)? [ = + <1 In 2 ) (1 In 2 >] . (B.3)

We refer to this expression as J(m?,m3), when the pole in €2 is subtracted off.

B.2 The basic scalar “6” diagram

The evaluation of the “©” graph is much more involved when all three propagator lines

correspond to three different masses m?, m3 and m3:
dPpdPq 1 1 1
I (m2?,m3,m2) = / . B4
( 157702 3) (27T)2DM2(D—4) p2 —|—’I’I’L% q2 +m% (p_|_q)2 +m§ ( )
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To compute this integral directly is difficult; various methods to do so can be found in
the literature [B7-[g). These results generically lead to complicated expressions, or are
only valid in specific limits or certain simplifying assumptions. In particular, the fact
that this integral is manifestly symmetric in the masses is generically lost. An elegant
indirect way of computing this integral leading to a surprisingly simple result has been
presented in refs. I3, [[4]. (See also [[§].) For completeness we review their method of
characteristics.

The essential idea of the method of characteristics is, instead of computing the in-
tegral (B-4) head on, to relate the expression of this integral for various values of the
masses to each other. In this way the complicated initial integral can be expressed
in terms of a combination of simpler integrals. In particular, when two of the three
masses are zero, the evaluation of the integral can be performed by standard methods
directly:

(B.5)

1m2,0,0) = —"_ ( s )4_D Chy D)F(i—)l)%(? -3

(1672)?
Therefore we seek to relate I(m?, m%, m%) to I(M?Z, M3,0) and then that one to I(2N?,0,0).
(The masses M2, M2 and N? will be determined below.)
To related the expressions of integral (B.4) for different values of m?,m3 and mg to

m2

!

each other means that we would like to describe a flow through the space of these masses.
Such a flow can be encoded by a partial differential that the integral (B.4) satisfies. Of
course this equation should be sufficiently simple to be of practical use. For the case at

hand a convenient partial differential equation is given by

0 d.J(m3)

2 2 2 2 2 3 2 2

(my — mQ)W + cycl} I(m3,m3,m3) = “am? <J(m1) — J(m2)) +cycl.,  (B.6)
3 3

where “+cycl.” indicates the summation over the cyclic permutation of the labels 1,2,3 on

the masses. This partial differential equation is obtained by combining various equations

that can be found by integrating the total derivative

0 1 1 1
— |p* B.7
opH [p p>+m? ¢® +mi (p—i—q)Q—i-m%} (B7)

over p and ¢, and similar for %[q“ ...]. Rewriting the result as partial differentiation
w.r.t. the masses, and using cyclic permutations of the labels on the masses. Along the
lines of flow, described by the equations

dm% 2 2 dm% 2 2 dm:%, 2 2
T =mj5—m3, a =m3— mj, T =mp —my, (B.8)

this partial differential equation can be integrated. Such a flow line is an arc of a circle
defined by the intersection of a plane and a sphere

1
mi+my+my=m’,  (m7)’+ (m)* + (m3)” = 2N?)* + S (m)?. (B.9)
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It follows from the flow equations (B.§) that m? and N? are constants. If (N?)2 >0, it
follows that the point (M2, M2, M2 = 0), with
m

M1227+N2, M§:7—N2, (B.10)

lies on the same circle as the starting point (m?,m3,m3), and therefore we can obtain

a relation between I(m?,m3,m3) and I(M#, M3,0) by integrating the partial differential
equation (B.6) along this arc. Similarly, we can consider the partial differential equa-
tion

9 ) 8J(M2) 8.J(M2)
M2 - M) [ — + M2 M2 — IV poag2y - LNV goar2 B

for I(M32, M2,0). In this case the flow is along straight lines, because the right hand side
of this equation is also proportional to (M2 — M?). Therefore we can relate the integrals
I(M? M2,0) and I(2N2,0,0), with 2N? = M? — M2. By combining these results, the
expression (B.§), and using the short-hand notations

-2 2
m ms
mi = - mi, = s, (B.12)

one can obtain the following factorized form

1ITE - -1
T i) = ~Ie | Fla) + Flea) - Ploay) - 3222020 oy
2
where we have identified a common factor
N? pP\=P (2 - %)2 - v 2 Do
IC = W <47Tm) ?, and F(CC) = /1 ds (S — 1) 2 (B14)

is a shorthand for the remaining integral. The expression (|B.13) is not manifestly symmet-
ric in all permutations of Z1, Z2, Z3. But this symmetry is present because F'(x) — F(—y) =
F(y)— F(—x) for any x,y. In the “©” diagram one can identify three one loop subgraphs,
it follows that the subdivergences are removed by defining

A 1 1
[(m}, m3,m3) = L(mi,m3,m3) — —— = (JmD) + T(md) +J(md)) . (B.15)

167

with J(m?) given in ([A.Z).
To expand this expression to the zeroth order in e explicitly, we need to compute

various integrals. Most of them are straightforward, except

T 1 r—1
/ dsIn|s+ 1| In|s — 1] = §ln22+2ln2—2+2£—£1n]£2—1\—i—ln‘:f 1‘—1—
1
_ _ _ 1 9 z—-1 _
+zln|z+1 Injz -1+ - In|z —1\ln‘7 ‘—4/1(35),
2 T+1

(B.16)
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with
@ 1
K(Z) = —/ dt In|sinht| — % In?2 — 1 ¢(2), a=coth 'z, (B.17)
0

After some algebra we can express the “©” graph with the subdivergences subtracted as

. 11 11 m?
Fm2. m2. m2) = = _2<___>_5-2 4 29, M _
(ml’mZ’mi’,) 2 (167‘(’2)2 m €2 € m”+ ;ml n ﬂQ

2 2
— 2<m% lnr?—; In 77}_5 + cycl.> +
T
+8N2(—n(—a§1) + k(Z2) +/<(:E3))}, (B.18)

where Z; is given in (B.13). The calculation that we have reviewed here is valid for (N2)? >
0, in the opposite case one can show [[[4] that (B.13) still holds, but now with N? — |N|?
everywhere even when it appears implicit, —k(—%1) — k(Z1) and

a
K(Z) = —/ dt In|cost|, a=tan 'Z. (B.19)
0

B.3 Other scalar “©” diagrams

In the computation of the supergraphs in section . we encounter integrals that are the
same as (B.4) except that the numerator is more complicated. Fortunately, these integrals
can be reduced to (B.4) and (B.]). In particular, we have that:

dDP dDC] p2 1 1 2 2 2 2 2 2
/(277)2[)#2(17—4) PAm?d+md (p+q?+mi J(ma,ma) —mi I(mi, mz, my),
(B.20)
and
/ dPpdPq 2p-q 1 _ (B.21)
(2m)2Pp2P=4 (p2 + m?)(¢® + m3) (p+ )2 +m3

B.4 Generalization to mass matrices

In the section W we are dealing with the two loop calculation of supersymmetric theories
with multiple scalar and vector multiplets, and therefore the masses are matrices rather
than simple numbers. Here we define our notation to describe two loop integrals that
involve mass matrices with all subdivergences and the 1/¢ poles subtracted. For notational
convenience we choose to include the inverse metric G~ in these definitions, so that the
expressions contain an equal number of holomorphic and anti-holomorphic indices.

For the integral .J, given in (B.1]), we obtain a factorized form

_ 1 m? ¢ m3 ’
Tty (m2,m2) = ——— [m% 1—In—L G_l] [m% 1-In—2 G_l] . (B.22)
ity = b i1 n 2o i -2y
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The expression for the integral I, defined in (B.4), with the subdivergences and poles

subtracted does not factorize, see (B.1§), consequently the matrix generalization is more

complicated:

T 1 1 5 m2 a
b - o
I fg(m%,m%,mg) = §W{<—§m%+4m% lnﬂ—QlG 1) QG 1 » G 1C§_

— G, (m3 n—2 G_1>bb<1 ng G_l)
—G*”a(l Z—EGI b<m§1 —23@71) +
+ (m? G_l)ag<ln 75_2% G_1>bb(ln T;_E’ G_1>CC

+ cycl. + etc.} .

Here the “+cycl.” denote the cyclic permutation of the labels 1,2,3 and the corresponding
indices a, b, ¢ and a,b,c, and with “+etc.” we refer to the expansion of the N2 > k(Z)
term in (B.1§). The functions x(z;) take two different forms ((B.17) or (B:19)) depending
on in which regime ((N?) > 0 or (N?)? < 0) they are evaluated. Since this condition is
written down for scalar masses, it means that in the case matrices it has to be evaluated
in the diagonal basis.

This notation can be extended to included also adjoint indices I,J,.... For those
we take the convention that all indices are written as superscripts, i.e. these expressions
include appropriate powers of the inverse metric h~! defined below (R.1(). The integrals
given in appendix B.J can be reinterpreted in an analogous way as matrix expressions.
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